This note provides a differentiable characterization of local contractions on an arbitrary Banach space. As a corollary, a refinement to Ostrowski's sufficient condition for local convergence in finite spaces is obtained, which applies to many models, e.g. in economics, ecology or game theory, where one has an interest in fixed point iterations and local stability of discrete dynamic processes. We show that for the local contraction property to hold, continuity of the derivative at the fixed point is indispensable.
Introduction
Let X be a finite-dimensional Banach space, W ⊂ X, and φ : W → X a function. It is well known that if x * is a (Frechet) differentiable fixed point (FP) of φ and the spectral radius of the Jacobian satisfies ρ(∂φ(x * )) < , then the iteration it must be the case that ρ(∂φ(x * )) ≤ . In this note we prove a refinement to this result for arbitrary Banach spaces. The result readily applies to finite-dimensional applications of fixed point iterations in many fields, mainly in relation to a set of difference equations but, to the best of our knowledge, has been previously overlooked. We first provide a differentiable characterization for a mapping between arbitrary Banach spaces to be a contraction.
c This serves as a useful lemma from which we derive a characterization of the local contraction property. Further, we clarify the natural connection of the local contraction property to the linearization of φ at x * , and show that continuity of ∂φ at x * is generally indispensable for the local contraction property to hold at x * . 
A differentiable characterization of contraction mappings
The set of all contractions on W in V is denoted asK(W , V ). We first characterize when a differentiable mapping is a (global) contraction on a convex set.
Proposition  Let W ⊂ X be an open, convex set, and suppose that
Because W is open and convex, the mean value theorem implies the following bound for any x, x ∈ W :
Hence φ is a contraction on W . '⇐' Suppose that there are norms and q <  such that
Take x ∈ W and v with |v| X = . Then there exists ε >  such that x+tv ∈ W for t ∈ (-ε, ε), and q ≥ |φ(x+tv)-φ(x)| Y |t| for t = . As φ is differentiable on W it is also directionally (Gateaux) differentiable, and q ≥ |∂φ(x)v| Y . It follows that sup x∈W ∂φ(x) |·| ≤ q < .
Remark  IfW is the closure of W and φ :W → V is continuous, and differentiable on W , it follows that φ ∈K(W , V ) if and only if () is satisfied.
The most important special case has X = Y and | · | Y = | · | X . We denote by K(W , V ) the set of all contractions φ :
The following is an immediate consequence of the proof of Proposition . A geometric interpretation of Corollary  is that φ ∈ K(W , V ) if and only if its local rates of change in some normalized direction v is everywhere norm-bounded by  < q < , i.e. if and only if there is | · | and  < q <  such that each directional derivative ∂φ(x)v, |v| = , satisfies |∂φ(x)v| ≤ q for any x ∈ W . 
Local contractions
If the conditions of Theorem  are met, and x  = x * is a FP of φ, one can possibly find a neighborhood B = B(x * , δ) such that φ| B is a locally forward-invariant contraction, i.e.
φ| B ∈ K(B, B)
. The local contraction property of a locally continuously differentiable function can be
